Let S be a finite semigroup, A be a given subset of S and C, H., "H, V, and J be Green's equivalence relations. The problem of determining whether there exists a supersemigroup T of S from the class of all semigroups or from the class of finite semigroups, such that A lies in an C or TJ-class of T has a simple and well known solution (see for example [7] , [8] or [3] ). The analogous problem for J or V relations is trivial if T is of arbitrary size, but undecidable if T is required to be finite [4] (even if we restrict ourselves to the case \A\ = 2 [6]). We show that for the relation H, the corresponding problem is undecidable in both the class of finite semigroups (answering Problem 1 of [9] ) and in the class of all semigroups, extending related results obtained by M. V. Sapir in [9] . An infinite semigroup with a subset never lying in a W-class of any embedding semigroup is known 'and, in [9], the existence of a finite semigroup with this property is established. We present two eight element examples of such semigroups as well as other examples satisfying related properties.
Introduction
Throughout this paper we will adopt the notation that if S is a semigroup, then S 1 denotes simply S if S has an identity, or otherwise the semigroup S 1 is obtained from S by adjoining an identity element. S is the universe or underlying set of S.
On any semigroup S we can define the following equivalence relations Denote by L a (resp. R a ,H a ,J a ,D a ) the equivalence class of C (resp. Tl,H,J,V) containing a. The following two lemmas will play an important role in due course. Proofs will be omitted since they are well known and can be found in almost any semigroup textbook (see [1] for example).
Lemma 1.1 (Green). Let a and b be two 72. equivalent elements of a semigroup S and let s,t e S 1 be such that as -b and bt -a (s, t exist by the definition ofR,). Then the mappings given by x >-* xs and y t-» ytfor x e L a , y e L b are It-class preserving, mutually inverse, injective mappings from L a to L b and from L b to L a respectively. The dual statement for C equivalent elements also holds.
Recall that an element a e S is regular if there is an x such that axa -a.
Lemma 1.2. (i) If a V-class D of a semigroup S contains a regular element then every element of D is regular and D is called a regular V-class ofS. (ii) If a V-class D of a semigroup S is regular, then every C-class and every TZ-class in D contains an H-class that is a subgroup ofS.

Preliminaries
Let U represent one of Green's relations on a semigroup S. While the property of being within a W-class of a semigroup S is retained under all embeddings of S into larger semigroups, the restriction of a ZV T -class of a semigroup T to some subsemigroup S need not be a £/ s -class.
Definition 2.1. If S is a finite semigroup and A c S x S then we say A is eventually U-related if A c U T for some supersemigroup T containing S. If T can be chosen from a particular class K. of semigroups (the class of finite semigroups for example) then we say A is eventually U-related in K..
If there is an algorithm determining whether a given finite subset of S x S is eventually W-related then there certainly exists an algorithm determining if a given finite subset of S is eventually W-embeddable.
Define the following relations on a semigroup S: We have the following well known result (for example, see [7] , [8] This lemma works for L* (resp. TV) because of the left (resp. right) regular representation of S by inner left (resp. right) translations on the set S 1 . There is no natural analogue of this for the H-relation. Lemma 2.2 provides a simple algorithm for testing whether a given subset of a finite semigroup is eventually £-embeddable (or eventually 7^-embeddable). In [9] however, M. V. Sapir has shown that the problem of determining, for two disjoint subsets A, B of a finite semigroup S, whether or not (Ax A)\J(B x B) is eventually H-related is undecidable. This, along with Lemma 2.2, implies the existence of a finite semigroup S and a subset (A x A) U (B x B) of S x S for which (A x A)U(B x B) C.H' but are not eventually H-related (Corollary 1 of [9] ). The main aim of this paper is to present small examples of such semigroups and the following undecidability results, the first of which is an extension of results in [9] . Problem 1 of [9] asks if there is an algorithm for determining whether a subset A of a finite semigroup S is eventually W-embedded in the class of finite semigroups. Theorem 2.3 answers this in the negative. It is also remarked in [9] that there is an algorithm for determining whether or not a subset A of a finite semigroup S is eventually H-embedded in the class of all semigroups. This statement is not proved in [9] and in fact Theorem 2.3 shows that it is not true.
Proof of Theorem 2.3
The proof of Theorem 2.3 is a modification of that used by Sapir in [9] in which he established the previous undecidability result. For the sake of completeness, definitions of important concepts used in that paper will be given here. However, while Sapir's split systems play a central role in the arguments used in [9] , for the purposes of this paper it will be more convenient to introduce the notion of a split pair, a very similar but slightly simpler concept. By a partial group G we will mean a set with an element 1 and a partially defined binary operation such that for every x e G, lx = xl = x and if both (xy)z and x(yz) are defined then they are equal. The following definition appears in For the arguments to follow, let G always denote an extension of rank 2 of a partial group G o with the elements of G o labelled {g x ,g 2 g n ) so that g, is the identity element. Let the remaining elements of G be labelled {g n+x ,..., g m ).
From Connection 2.2 in [5] we have that the unsolvability of the uniform word problem in the pseudovariety of groups and in the pseudovariety of finite groups imply that the problem of determining whether a finite partial group is embeddable in a group or in a finite group is undecidable. A group H can be viewed trivially as an extension of arbitrary rank of itself. So for every k, if a partial group G is embeddable in a group (or a finite group), H, then there is an extension of rank k of G that is embeddable in H (just take an appropriate "partial subgroup" of H). If the problem of determining whether or not an extension of rank k of a partial group is embeddable in a group (or a finite group) is decidable then we would obtain the following algorithm for determining when an arbitrary finite partial group G is embeddable in a group (or a finite group), contradicting the fact that this second problem is undecidable:
1. Construct all extensions of rank k of G (there are only finitely many and they can be effectively listed);
2. If one of the extensions of rank k is embeddable in a group (or a finite group), H, then G is embeddable in H. Otherwise G is not embeddable in a group (or a finite group).
We therefore have the following lemma:
Lemma 3.3 ([4]). The problem of determining whether or not an extension of rank k of a partial group is embeddable in a group or in a finite group is undecidable.
The following argument and proof is simply that of Lemma 3 of [9] , using split pairs instead of split systems. For a given G, an extension of rank 2 of a finite partial group G 0) we can construct an associated split pair {A, B) where A -{a lt ..., a n ) is a copy of G o , B -{b { ,... ,b m ] a copy of G, and with operation aflj -b k whenever 0,0, = g k in G. Proof. Let {A, B) and G be as in the statement of the lemma. An embedding, 9, of G in a group induces a natural embedding of the split pair into that group (that is with j(a,) = k(b,) = %,)).
So assume that (j, k) constitutes an embedding of (/I, B) into a group, H, and let g, be the identity element of G. Then we have Note 3.8. Notice that this result need not be restricted to finite semigroups. We can make infinite semigroups with similar behaviour by considering the 0-direct join of S(c.Co) ^h a n i nI " m i te null semigroup (recall a null semigroup is one in which multiplication always gives 0, and that the 0-direct join of semigroups N and M is the semigroup whose universe is {0} U (N\{0}) U (M\{0}) with multiplication as within the subsemigroups N and M, and 0 otherwise). We can follow the same arguments as above (replacing C with the 0-direct join of C and the infinite null semigroup), and the finite subset A is still eventually W-embeddable if and only if G o is embeddable in a group. So now assume there is an extension G 2 of rank 3 of G such that the semigroup S(G,GO,G,.G 2 ) (with G, defined as before) is embedded in a semigroup T in which [4, B] is TZ -£-embedded. Proceeding as in the proof of Lemma 3.7 from the last section, we have that A being 7£ T -related implies that B is 7£ T -related. But B is £ T -related by our assumption, so therefore B is eventually W-embeddable. We now show that there is an extension G 3 of rank 2 of G (itself an extension of rank 2 of G o ) for which the semigroup S (GjG) is the subsemigroup of S (GGoGlG2) generated by the set B and therefore, by Lemma 3.7, G 3 , hence G, is embeddable in a group (and if T is finite, then G is embeddable in a finite group).
Proof of
Let
Consider the extension G 3 of rank 2 of G whose universe is the set G, and whose multiplication is g i g i = g k , if both g t , g s e G and 9,9} = 9k in the extension of rank 3 G 2 ; g,g, -9\9i -9i, if g, e G,; and undefined otherwise. This is a "sub partial group" of G 2 and therefore the semigroup S (Gj G) is isomorphic to the subsemigroup of S (GGoGlG2) on the set {OfUBUD'. Since B is Hrelated in T, Lemma 3.7 applies and so G is embeddable in a group.
• Note 4.4. As in Note 3.8, Theorem 2.4 can be modified to the class of infinite semigroups.
Examples
Example 1. An eight element semigroup with a three element H*-class that is not eventually W-embeddable.
In [9] it is proved that there exists a finite semigroup S with a subset A of S x S that satisfies /4CH" but which is not eventually H-related. Similarly Theorem 2.3 implies the existence of a finite semigroup for which there is an W*-class that is not eventually W-embeddable. Such an example is not presented in [9] nor seems to have been published elsewhere. By constructing S (GGo) for the partial group G o : we can show that the three element subset A of S (CGo ) (which has 8 elements) is not eventually W-embeddable: in G we have (0202X0202) = 0303 = 02 = 020i a n d 02(02(0202)) -0204 so therefore g 2 g x = g 2 g*, a property not satisfied by any group. Thus G is not embeddable in a group and the claim follows immediately from Lemma 3.7. It is easily verified that A is an W-class of S (G Go) .
Example 2. An eight element semigroup with an H* -related pair that is not eventually H-embeddable (alternative technique).
While Lemma 3.7 shows that any extension of rank 2 of a partial group not embeddable in a group will give rise to a semigroup with a subset that is not W-embeddable, it is a very simple and routine exercise to show that any 3 element extension of rank 2 of a partial group is always embeddable in a group and so no smaller examples can be obtained by exactly the methods used above. This fact also makes it impossible to use the above method to construct semigroups with an W-related pair that are not eventually 7i-related. The following 3-nilpotent semigroup S (with Theorem 5.1) shows that such examples nevertheless exist: 
Proof.
A is an £*-class of S, since for i e ( l , 2), a,x = a t y, for x j e S ' , x / y , if and only if both x and y are contained in {0, a x , a 2 , c,, c 2 , c 3 }. Likewise, A is an 7£*-class and therefore an W-class. Now let T be any semigroup in which S can be embedded so that A is £ T -related. So there is an x e T 1 such that xa, = a 2 . Therefore, So therefore A is not 7£*-related. That is, whenever A is -C-related in some embedding semigroup, it is neither 7^-related nor eventually 7^-related in that semigroup.
• Example 3. Infinite examples.
In view of Note 3.8, the two previous examples can be modified to provide infinite semigroups with 3 element and 2 element W-classes respectively that are not eventually H-embeddable. Infinite examples consisting of single W-classes that are not eventually H-related are also known. For example, Fountain has noted (see comment in [9] ) that any cancellative semigroup not embeddable in a group is W-related but not eventually H-embeddable (see [1] for such an example by Malcev). On the other hand, it is a simple task to prove that a finite semigroup for which H* is the universal relation is a group.
Example 4.
A ten element semigroup with two subsets that are not eventually Tl -£-embeddable.
To the multiplication table for S in Example 2 above, add two elements d x , d 2 with the multiplication d t x = y whenever a t x = y, xd t -y whenever xa, = y and all other products not already defined take the value 0. Let the resulting 3-nilpotent semigroup be denoted by U. We will show that with D* defined as £* v TV it is easy to construct examples ofD'-classes of finite semigroups that are not eventually D-embeddable (or ,7-embeddable) within the class of finite semigroups (recall that every semigroup is eventually D and ,7-embeddable in a (possibly infinite) semigroup and that on a finite semigroup, the relations D and J coincide; see [1] ).
Define D to be the following 3-nilpotent semigroup: • Note that Fountain (Example 2.2 in [2] ) has found an 8 element example with X>*-related idempotents e a n d / satisfying e > / (recall that for idempotents e,f, we define e <f to mean ef -fe = c). Since D-classes containing idempotents e,f with e > / are infinite (see [1]) these two elements are not eventually D-embeddable in a finite semigroup.
